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FOREWORD

Y —————

This work was done under BuWeps Task Assignment No. RAV3I2F022/3111/
FO02-13 003, Job Order No. 6327; BuWeps Task Assignment No. RMOA-36014/3111/
FO09 03 002, Job Order No. 6333; sed BuWeps Task Assignment No. RAV32FO21/
3111/r002-13 003, Job Order No. 6326. The reports listed in the references
have been helpful to the author as introSuctory material on the subject of
inertial navigation. The msthemstical relstions and éeguations have deen
reviewed by John B. Chemey.

The present paper develops imertial guidsnce equations for the
angular velocities, the linear velocities snd the components of the
accelarstions for nine different platform verticsl and azgimuth oombinations.
Platform vertiocals inclunde geocentric, mass sttrection, and geodetic, which
axe combined with frxee, north slaved, and grid types of asimth torquing.
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INTRODUCTION

Inexrtial navigation employs an inertial input, output system
oouposed of a computer and a giuballed platform containing gyros snd
acoslsrometers mounted along the axes of the measuremsat system. The
socelarometers constently messure accelsration in this system of axes,
vhich is required to have a knowm orientation with respect to inertial
space. The computer is usually referenced to earth's longitude and latitude,
or to some other reference frame having known space and time orientation
with respect to the measuremsnt sxes system. Oravity conponents are
required at all times in both reference axes systems. The following peper
describes nine platforms, each senting one possible ocubinstion of
three asimth orientation systems m.m,mommh,ﬁ)

ecmponents, angunlar rates, and linear and ground velocities.

The most important yaoblem in inertial navigation is the
estadblishmant of the level plane through & point sbove the Narth, which is
represented spproximately Ly an Earth reference ¢llipesoid. Platform level
is defimed by the choice of the normal or vertical, vhich my be geoeentris,
rumning through the center of the reference ellipsoid or nom~geccentrie,
intercepting the polar axis out of center. The directiomal coincidence
of the normal with the mass attraction is ocalled the mass attrection
vertical. The vertical takben mexmal to the surface of the referense ellipeoid
is ealled the geoldetis vertdeal. :
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I, OENERALIZED SOLUTION FOR NON-GEOCENTRIC VERTICAL

A. THE COORDINATE SYSTEMS

The right handed coordinste system (x , y , z) is fixed with
moving platform. The s axis corresponds to the vertical and is directed

downwvard. The plane (x y) defines the plane of a platfoam. The
coordinate system (x' , y' , z') 1is 1 to Sx,y,s) snd origin
ooincides with center of the Earth, Xp s ¥p 2 I is the inertial system,

fixed in space with respect to a stax.

Ist 1,3 awd k be unit vectors respectively with x , y, 2
sxes or x' ,y',2' . 1,3 and K ave unit vectors along Xp s ¥y 2 B

axes, respectively.
Geometrical relationship between the cocadinste systems is shown
in Figare 1.

B. TRANSFORMATION OF THE UNIT VECTORS

Ist e »m , n be the directional cosines with corresponding
subsoxipts 4 =1,2,3 . Thems

i e‘,ea,es I
J|=|m ,m ,m J (1.1)

k B ,n ,n K

The coordinate system (%' y' z') can be trought to the system
(‘IVI’I by toe three rotations:

(1) The rotation through angle § ebout ' eaxis brings Ex' in
position Ew' .

(2) The rotation through angle 90° + I about Ew' brings s' into
coincidence with Ty

(3) The rotaticn through sngle 90° - 1 ebout 2, axis brings x' wd ¥'
into ocoincidence with xr.and Y0 respactively.
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P = For plunb line vertical

Ak = Azimith angle of platform
I‘c = Ceocentric latitude
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Finally the direction cosines ares

¢ = ---:I.nLk -:I.n:l..-oo.Akunt.koocl

e, = sinA ©08 1 - cos A sin I sinl (1.2)
¢, = ocuAk oocl.k

» = - cos A lul-vltnAku.nr.‘oo-l

M = ©oosA cosl+sinA sinl sinl (1.3)
n --u.nAk oollk

n --ml.‘i cos 1
B, = -cosl sinl (1.4)
n - --.:I.m!.k

The direction cosines are functioms of Ak,xtmlununnuﬂn
equations (1.2), (1. 3)&(1.#)

C. POSITTION VECIOR

Let (R[B-PI)I be the position vector from the ocenber of Exrth

to the platform P with respect to inertial space. The components along
X, ¥y and z sxes oan be written for simplicity in the form:

[(Rpg _ p3lr)y = Rpx
(g - pprly = Ry
[(ﬁ[l - P])Il: - ﬁPl

The position vector of a platform P intexms of x, y end s is chosen
80 that
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Ty - By - iy - B, (1.5

The magnitude of the fizp inclndes redius of the Barth and altitude of the
platform; .

Rgp =R+ By

vhere the subsoript ¢ denotes gecoentric and R 4s the radius of the Earth
for the point P .

D. ANGULAR VEIOCITIES

Ist ¥ be engular velocity of the woving system P with respect
to inertial space. The couponents of that on x , y end = axes ares

% Gy md » Yespectively.

The ‘.'n is the sngular rete vector of the Earth with respect to inertial

space snd the components along x , ¥y , = are:
Y 0 Vg 0 Vg o

The G, is the sngular velocity vector of the platform relative to the Earth
suxrface and the components along x , y , £ &xos ares

Vox 0 Vpy 0 Yy -
General angular velocity vector of a platform iss

Ve + i (1.6)
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The angular velocity vector of platform P 1in terms of unit

vectors can be expressed:

Ve wa + va + Ew’ (1.7)
The Coriolis :I.' gives:

)y = g (Dp +

& My =0
T awd (1.8)

From (1.7) snd (1.8) after evaluating vector cross products we haves

ge

- (Zw, + Ju, + Be, )l

or

el -fn (1.9)
likevise

Jefu -Iv (1.10)
and

k= Iwy - 3w (1.11)

(1.9) 1s mltiplied by £k , (1.10) is mitiplied by I eand (1.11) is
mltiplied by ] and after evaluating cross products we obtain:

M o= v,
&) = e, (1.12)
Ik = Iwz
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Usmgthetrmromtion(l.l)wahavathevectorunitoottho X, ¥ md. s
with respect to inertial spece:

I-h1+3‘z+“a
3-hl+h\=+ﬁn3 (1.13)
ﬁ-h1+3ha+iha

The derivatives of the (1.13) with respect to inertial space axe:
i-!‘1+uz+i‘3 .

-ﬁ‘+%+m3 (l.n)
T + 3 + 8
b § ] 3

ae
vhere "1%1"“1'%"1'%' ad 1=1,2,3 .

Substitution of (1.13) and (lolh) into the (1.12) gives identities with
respect to 1, J ama R

oo cape

(!Eu!n1 +38, + B ) x (I«z.1 +Je, +fe ) = (iin1 + +Rn3)vx
(m1 + 3, +8) x (lhn1 +dn, +fn) e (h1 + X, +Rh3)v’
(18 + 36, +i&3) x(I +d, +fn)e(le +3 +b3)w’

Equating coefficients of either I, ¥} or K we obtain:
he ~-he

v, = 2 3m 3 2 (1.15)

h §
- +
ﬂlma ﬂanl

L (1.16)
én -én
v, = -‘-i;—“-i (1.17)

3

Substituting corresponding direction cosines and their deriveatives we obtain:



NAFI Report TR=-31

wx--fklinAk-rioolA‘oqu : (1.18)
wy--f.kwlAt-ilmAkeoor* (1.29)
v‘-l‘-ilintt : (1.20)

vhere i-i?-o-v' 3 ’?-mm«mmuﬁnwto
Exxrth surface and v!-mmmm.

The equations (1.18), (1.19) and (1.20) represent the sagular
velocity components in general form aad applicable to any type of wertioal.

E. LINEAR VELOCTTIES
The linear velocity of & platform vith respect to inertial space is:
(") = b (r.21)

Teking derivative from (1.5) with respect to inertial space we have:

by = - Ly, - iy, - Fiy,
lnn h., h.,’ (1.22)

The derivatives of the unit vectors are given by (1.9), (1.10) anmd (2.11),
therefore (1.22) decomes:

g = - 1l- iy * Yy ]
-J-vR, +vRe +im]
- K- w R + R + R (2.23)
edlinterns of x, y ad s

My =1Iv_ + Jv, + &y (1.2h4)
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The equations (1.23) and (1.24) give the soalar ooupomu of the
linear velocity of & platform:

Vy = ViRupy © Vh‘ ﬁ!x (1.25)
Vy = V. Ry = VRopy = RP.Y (1.26)
v, = v,nm - "‘RIW - ilh (1.27)

The linear velocity of platform cen be split in the compoments:
[7]1 - vn + 'G (1.28)

vhere vg-m'. surface velocity with respect to inertial space end
vo-pmromvemwvmwwmum(mnmm
The inertial velocity ocomponentss

Vx-V +V

e ¥ Vox
V) = Ve * Vo (1.28e)
Ve " Ve * Vo vhere V=0
Analysing the texms of (1.25), (1.26) end (1.27) ve £ind (See
Figure 2-‘.)
Rppy = Rpp 848 oy o8 A
nm =R, sin o sin A, (1.29)

Reps * Rep 000 %

0
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FIOQURE 2-a. Compounents of RE FIGURE 2-b. Meridien plane of P

V <

FICURE 3. Platform horizontel plene

.
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end

ﬁm- a%(nmsinukcos'%)
fipy = = 3 (Rgp sin o sin 4)

by = & (R 00 )

(1.30)

The parameter “k defines the type of vertical. For geocentric vertical

ok-O + Maximm value of o takes place for geodetic vertical:

"m'“p « From Figure 2-b, we can find:

ocos L
% " Rep 55 Y,

North ground velocity component iss

and east ground velocity compoment is:

From Figure 3 wve can find:

or

vm-i,,uﬂ,eo-r.°

vm-vuoosnk+vmamnk

 /

Gy-vmoocnk-v’sinAk

Vn 'Va:“'ﬁ:'voy‘“‘x

EA stinAk-o-v eosAk

Vor =~

(1.31)

(1.32)

(1.33)

(1.34)

(1.34)
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On basis of the relationships (1.26a) we can express the imertial velocities:

Ve = Vox * A Vg %08 I sin A (1.35)

Vy-Q'«»pkwxoocl.keosA,l (1.36)
and

V, =V (1.37)

F. ACCELERATIONS

The acoelsration of platform with respect to inertial space and
the mass attraction field can be expressed &8s follows:

;-(§P)1+ak (1°$)
vhere kms¢c, mn, p» ;

¢ = for geocentric vertical
n = for mass ettraction vertical
P = for phub line vertical

Accelerastion vector in terms of the unit vectors of coordinste system
(x ¥ z) snd the scalmx oomponents:

E-I‘z-o-].y-c-igz (1.39)

The second derivative of position vector (1.5) with respect to imertial spece is

(.Ezp)r - i(: Repx ~ YyRepz * Voiepy)
+3(-REPJ'szEPx+waEPz)
+ §(- Rep, = W Rppy * ViRp,)
+ I['.ﬁmx*{’znmy""zﬁm'*f‘mz'"yﬁm]
*3“"’:“@2”’%"'&1&’ zém'.ﬁﬂ’y]
+E[ﬁm+wy%-#*%-w*ﬁm-§m]' (1.40)
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Tntxoducing (1.9), (1.10), (1.:.1.) and (1.10) into (1.38) end compering with
(1.39) we have the components of the accelerstion of platform:

.k..ﬁm+(u;+w:)nm+2wzhm-2v}m

**z"m ""f‘m "'x["znn’z *";)‘m] + G (1.11)
‘y".ﬁm*(";*":)“m*z"}m'a'zﬁm

- ¥ Ropy + ¥ R, -vy[vznm+w.l!m] * 0y (1.42)

az--'ﬁmz+(1§+v;)nm+2w}m-2w‘ﬁm
- %oy **y"m "'z["}mx*"ynxpy] + 6, (1.43)

G. RADIUS OF THE EARTH AND MASS ATTRACTION

Assuming the Earth is an ellipsoid we determine the redius of Eaxrth
as function of geocentric latitude:

R-a.(].-l-

s ;2" sin® L) L (2.44)

where a = equatorial redius,
b = polar redius

Ryp = a(1+ =  stn? L) %+h (1.45)

Mcss attraction vector can be ¢btained by the gradient of the gravitational
potential of the nomn-rotating Faxrth ellipeoid:

Ge=grad V (10“6)
shere M PO P (L.47)
Rep Rp 3
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oy = -‘9‘; = 979.83123 gals
a

J = .001637

The radial component of mass attraction is

GREP " - % (1."8)
Differentiating grevitaetional potential (1.47) we have:
2 'D 4
GREP-G—!:.;"' fp (1 - 3 s4n® I’c) (1.49)
Fep  Pep
The normal component to RE.D is
o, = i‘.,lgf i+ (1.50)
¢
or
2 .BEA‘
G =- " sin L, cos L (1.51)
Rep
To give gravity the centrifugal acceleration
v; Rgp 08 L,
mist be included.
Finally
g = V5 R, co8 L, + @ (1.52)

15
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H. LATTTUDE CONVERSION

The angle o separates mass sttraction verticel from geocentric

vertical or we might say am'lh'r‘c .

Figure 4,

As it is seen from Figure 4. we have:
tan C = —eme (1053)
or

-2 sin L, cos L,
R§P+th(1-3sinz L)

ten (I, - L) = (1.54)

The equation (1.54) might be used to convert the geocentric latitude to the
mass attraction latitude. The solution for the Ih is

2
2 Ja* sin 1’..c cos Lc

I, = L, + arcten [ (1.55)

R;:P + Ja*(1 - 3 sin® Lc)]
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With the meridional section through point P (Figure 5.) we can
determine the angle ap between geocentric vertical and geodetic vertical

for point P ebove the Farth suxrface.

P
- a
P
Po
T
g \p
c .
E \ Ellipse
FIGURE 5.

P,T 1s level due to € .- g 18 normal to ellifse. The equation of the
meridional ellipse through the Po is

2 2
itk (1.56)
a

Differentiating (1.56) with respect to u we have

av Db (1.57)

dn a’v

The negative inverse of the slope of the tangent POT at given Po
is tan Ly , therefore from (1.57) we have

azv

ten I, = — (1.58)

b2u

17
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but

v
g =ten L (1.59)

From the equations (1.58) and (1.59) we obtain the conversion
expression for the geodetic latitude of the point Po on the surface
of the Earth:

tan I (1.60)

2
1+e1

tanLcoﬂ

The P 1is elevated at altitude h?’ therefore I'c differs from Lco .

From the triengle EPF (Figure 5.) we have

PP, EP
(L, - L) " sl (L, - L]
or

st (4, - L) = —F (- L) (1.61)

by + &1 + € sin® L )72

The h.P is indicated by the inertial system. The Lco can be computed by
the equation (1.60). Solving the equation (1.61) for L, we find:

eyt e

Lccho-!-a.rcs:ln[ - ) 3
1|:.P+a(1+e1 sin Lco)

where €° B cwmr——— ;

138
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II. GPOCENTRIC VERTICAL

The consideration thet O ™ 0 leads to the following results:
verticel coincides with radial distence REP and Ik - I‘c « The position
of a platform 18 determined by the va_.lnes of the geocentric latitude I‘c ’
longitude ].P and position vector REP « The heading angle Ac determines
direction of moving system. The components of radial distence are:

Rere " Ry "0 7 Fees " e

end derivatives become: ﬁ@x-'ﬁm-im-ﬁm-o .

Applying I = L, to the equations (1.18), (1.19) and (1.20) we
have the angular velocities for geocentric vertical:

W, ==L, sin A +1cos A, cos L (2.1)
vy = - L, cos Ae.' 1sin A cos L, (2.2)
w,=A -leinL (2.3)

Introducing geocentric vertical conditions into the equations (1.25),
(2.26) and (1.27) we have the inertial velocities

v, = - "f‘l‘? = Vg * Rppip €08 L, 8in A, (2.4)
Vy = WRy = ch + RypWp €08 L, cos A, (2.5)
V.= Y, (2.6)

The ground velocities are:
Vy = R B, (2.7)

20
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I. HEADING ANGLE

The angle between the meridional plane of the P and the plane
built by a vertical and the velocity vector and measured in the level plane
of the corresponding vertical is the heading sngle. The common expression
of heading angle is

v
H_= arc tan [Vzﬁ] (1.63)

The heading angle is composed from two angles,the azimth of
platforn A eand bearing engle B (Figure 3.):

X

B =A +B (1.6%)

As we cen see from (Figure 3.) the bearing angle is

v
B, = arc ten [vi;i] (1.65)
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IX. GEOCENTRIC VERTICAL

The consideration that G ™ 0 leads to the following results:
vertical coincides with redial distance RE'P and I‘k - Lc « The position
of a platform is determined by the va_]:xes of the geocentric latitude I.c »
longitude J.P and position vector REP « The heading angle Ao determines
direction of moving system. The components of radial distence are:

Rere * Ry " © Py * P

end derivatives become: fzm-'ﬁm-ﬁm-iim-o .

Applying I, = L, to the equations (1.18), (1.19) and (1.20) we
have the engular velocities for geocentric vertical:

w,==-L einA +1cos A, cos L (2.1)
v, = = L cos A - 1sinA cos Ly (2.2)
v, =A -leinL, (2.3)

Introducing geocentric vertical conditions into the equations (1.25),
(1.26) end (1.27) we have the inertial velocities

Vy = = VR = Vox * Rpp¥g co8 L, sin A, (2.4)
Vy = WRn= V(‘,'y + RV €08 L, cos A, (2.5)
Vz = sz (206)

The ground velocitles are:

Vy = Rep Lc (2.7)

20
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Vga = Rep ZI.P cos L, (2.8)
then Vox = Viy 08 A, + Vp, sin A (2.9)

va =Vysin A, -V, cos A, (2.9s)
and

Vaz = - ﬁEP (2.10)

Observing all the conditions for geocentric vertical we obtain
?hehsi).mpliﬁed acceleration components from the equations (1.41), (1.42) and
1.43):

‘x"*yREp“'x"szp'z"yﬁzp*Gx (2.11)
a.y - ‘.'xREP - wyszEP +2 wj!m, + Gy (2.12)
a, = (v; + w;) Rgp - ﬁEP + 6, (2.13)

A. NORTH SLAVED PLATFORM

Assuming the azimth angle is zero
Ac-o

wve slave the platform to the north. The angular velocities become:

v, = 1 cos L, (2.14)
v, = - L (2.15)
v, =- 1 ein L, (2.16)

Introducing 1 = i, + wy and the ground velocities from (2.7) and (2.8) inmto
the equations (2.14), (2.15) end (2.16) we have:

21
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v, - % + Wp 008 L, (2.17)

v, - - ;:: | (2.18)
VEA

v, =~ (g + Wy coB I‘c) tan L, (2.19)

To keep the platform slaved to north and in level with respect to
geocentric vertical the gyros should be torqued at the following rates:

The north gyrot

BA (2.20)
Yy~ l; - vg co8 L,
The eest gyros
Yy
tu L g (2021)
The vertical gyxot
A (2.22)
tvigt!nhci-wg!inlac 2.
The linear velocities cen be expressed in the form:
V=V (2.23)
Vy = Vpy + Rpp¥g €08 L, (2.24)
Vz - ch s ﬁw (2.25)
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The latitude of position can be computed from equation (2.23), this gives:

;'1 VN ( 6)
L = —— dt 2.2
¢c t Rp

o]

Solving the equation (2.8) for II.P and integrating as time
function we obtain the longitude of position:

tl VEA
]P - { Ryp co8 fc v (2.27)

o

The altitude h o of the platform can be computed from the
equation (2.25):

t
1
-w- [ VvV, at
%
and
b, = Rp = R (2.28)

Analyzing the expressions of acceleration (2.11), (2.12) and (2.13)
due to north slaved condition we have:

v, v, V2
Gz N EA
gx.\‘ln- ~+g—ta L, +2 Vv, sin L,
+ Rm,w; sin L, cos L, + G (2.29)
V. V..V
. FA N EA
ayuvm..vcz[--—-rszcosI»e]-R 1'.a.nl:.c
- (2.30)
2 vaE sin I‘c
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v+
a =V -0'N l!"A-|-2Vw<=oal:.
z Gz g EA'E c

2 2 4
+ Rgwp co8” L + 0, (2.31)

He can introduce gx-REPw;sinI.ccoaLc*-Gx

nd 6, = R 08" I, + G,

From the equations (2.29), (2.30) and (2.31) we can find:

Vn,, Vm and v(}z o The component L is sensed by north accelerometer.

The acceleromster should be torgned with the following signals

Aoex = = (8 = V) (2.32)

The ay is sensed by east accelerometer. The accelerometer should be
torqued at the rate:

Accy [ (a.y - im) (2‘33)

The vertical acceleration a, is sensed by vertical accelsromster. The
torquing rate iss

A - - (.z -V ) (2.34)

cez Gz
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B. FREE AZIMUTH PIATTORM

No angular rate exists for azimath free platform along z axis,
thexrefore

wz-O

From the equation (2.3):
Ac - (ip + w!) sin L (2.35)

Integrating the equation (2.35) we £ind the expression to compute azimith
m!
tl
A = £ (11, +w,) sin L at (2.36)
[

Other two angular velocities along x and y exes are, respectively:

vx--I.csinAc-riPoosAoooaLci-v!oosAcmLc (2.37)
and
wy--LccoeAc-ipeosl.clmhc-vEs:I.nAccosI.c (2.38)

or in the terms of ground velocity:

N
'x"—namAc+—R°°'Ac -0-73000 Ac cos I.c
_VQ.I
-.B + wy co8 A, 008 L, (2.39)
and
va
Vy - - g - Vg sin Ac cos I'c (2.40)
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The tomlry rates of X oxis gyro and  y axis gyro to keep the
platform in lovel ure, acepoctively:

v
S ¢ 2
t, T Wy cos A cos L (2.11)
Yax
ty =g t+vpsinA cos L (2.42)

No torquing rates are applied to azimuth axis - z . The x axis can point
any place at any time during flight. Knowing initial azimth angle of

Jatform we can find deviation from north at a later time by the known rate
f’r + wE) sin L, in the eqation (2.35).

The ground velocities va ) va , and VG z keep the same form

of the expressions, therefore, the linear velocitles for the azimth free
platform are:

V. = Vg, * RppVp co8 L, sin A, (2.43)
Vy = Vgy * Rgp¥g 08 L, cos A, (2.44)
v! - VGZ (2°h5)

Applying generalized expressions of accelsration to a platform oriented
free in azimith we have the sensed acceleratins along axes of the moving
pystems

v
ax
8 = Vo = Vo, [ﬁ;-l-av'mt.c sin A)] + Vo vp sin I
+ REP"; sin L cos L, cos A, + G, (2.46)
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; Yoy
a =V -V(}z [REp-hechochoosAc]-wa ein L,

Y Gx'E
- REPw?E sin L cos L, sin A, + GY (2.47)
and
a, = ‘.’Gz + fa—%—;& + 2 wy [Vy, cos A, - Vo, sin A Jeos® L
+ REPVE cos® L, +6, (2.148)
ratess The three accelerometers should be torqued by the following torquing
A== (o = Tg) (2.49)
Apey = ° (a, - \?Gy) (2.50)
end
Kooz = = (a'z - ‘.’Gz) (2.51)

C. GRID PLATFORM

The x oxis of the platform mokes e constent sngle with a
porticular initial rridien at eny tine during flight euch that the x axis
of the plotform steys in parallel plrmes normal to the equator during flichd.
This cen hoppen when the earth rate is applied to torque the azimmth exds.

The engulor velocity along z axis is

W, = - Wy sin L, (2.52)
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From this we have:

Ac =1, sin L, (2.53)

The x axis deviates from north direction by angle Ac » vwhich is the

tine integral of the sngular rate of the platform with respect to the earth
surface; therefore,

t
b

A, = { 1, ein L, at (2.54)
[ .

In this case we have the following angular velocities in the terms of
ground velocities:

v, = ZR% + wg cos L, cos A (2.55)
Vox
vy ™ R - g 008 T stn A, (2.56)
and
v, == vgeinlL | (2.57)
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The torquing reates of the gyros:

ty=-w (2.58)

ty .- (2.59)
m .

LALER A (2.60)

These retes keep the platform in level and satisfy the gxid conditiom.
The equations (2.4) to (2.6) are applied for the grid Wype platform.
The gound velocities are the same as in the case of free agimth
platform, therefore:

Vox * nm,(f.° cos A, +1; cos I, stn A ) (2.61)

vw--n.,(-t.cmA°+1,oooL.mA°) (2.62)

voz - - ﬁ! (2'63)

From these eguations we haves

t, V. cos A -V __ ein A
L = ox LI - S 2.64
¢ { e (289

°

Vo, sin A +

/tl [ S V{Lm 2t (2.65)
- t, L_‘n o8 L .

hy = Ry = R (2.66)
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The position is determined by the expressions (2.64), (2.65) and (2.66).

Ths ground velocities are computed from the acceleration equations; those

we obtain introducing the conditions of the grid platform into the equations
(2.11), (2.12) ana (2.13):

Y .
) ax
ax-VGx-VGz [g"'QVEOOBLc lonl

+2vy Vo sin L + nm,#; sin L cos L cos A, + 0 (2.67)

; Yoy
aynvoy-vmlan-o-awnml.ceosAc]

2wy, sinL - nmw; sin L oos L sin A, +Q (2.68)

and
v+ vV
az-ﬁoz+3§g+2[vmm%-vwli.nAc]vBooc' L,
+ RV cos” L +0 (2.69)
The last two terms of each equation are components of the gravity.

The torquing signals of the accelexrometers along x , y and =

axes:
Aoy == (8 - im) (2.70)
Am - - (ay - iw) (2.72)
and
Mooy = = (8, - ‘.'az) (2.72)
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III. MASS ATTRACTION VERTICAL

Since the z eaxis coincides with the moss attrection vertical
the components of mass attraction acceleration become

and
G'-G
The angle between geocentric vertical and mess attraction vertical is
% " %
The latitude beocomes
k=l
and heading angls
=My

Taking into account all those conditions we might use generaligzed
solutions of the nonegeocentric vertical to analyze any orientation of &
platform with respect to the north direction.

Applying the inertial velocities for mass attraction vertical from
(1.35) to (1.37) we have

Vx-vox-l- pmvncocrhsin%
Vy 'v0y+ P ¥y 008 L cos A (3.1)

vz - sz

3%
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The inertial accelerations in the form of (1l.k1) to (1.43) might be interpreted
in the terms of the inertial velocities angnlar velocities as follows

a: - Vx + "yvz - wzvy

. - LSS AR AS : (3.2)

[
... = Vz + v:vy - wax + 0

Introducing the quantities of the set (3.1) into the equatiom (3.2), the
inertial acocelsretions sensed by the acoelsrometers becoms

o - m w[\r -vlu.nlh]-rv [vy- oocthlinA“]
+ g3 sin I ocos I cos A (3.3)

q’-aoy-'-vmlvz-vls:lnlhl-Vm[vx't-wnooolheolAhI

- pVp sin L ocos I sin A, (3.4)

a--v(}z Gz[' - W, eoslhl:ln&]-ﬁ [w +w oosl:hcolnh]

+ pmw; cod'L, + 0 (3.5)

The solution of the differential equations (3.3) to (3.5) gives
the ground velocities

\/

o ? Yoy 0 4 Y,

Gz .

The position informstion is obtainable from the ground velocities,
vhichmtﬁmmbem
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The sngular velocities due to mass attrection verticals
wx--fhsm%+ioo.%oosrh
vy--fhool%-iml'hsm«l

v.-&-ismlh

Recalling (1.31) for mass attraction vertical we have

ocos L
pm-%ﬁ'!i

hy, sin (I - L))

and Lc-I.co+ms:|.n[

h +a(l+ o:lin'l'.eo)-%
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(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

that is identical vith the expression (1.62). To comvert latitudes I.n

md L ve cen use the formils (1.55).

A. NORTH SLAVED PLATFORM

At any time during motion the x eaxis is not separated from the

north direction; azimrth angle % is zero. The angular rates of the

moving system become:

' '::'A‘"'E“'xh
P |
14 Pn

= A/
vz---%—p:tanth-w

(3.11)

(3.12)

(3.13)
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To keep the platform in level end in propexr verticality the gyros are torqued
by the following rates: ,

t, =~V . (3.14)

The inertial velocities due to the mass attraction vertical end
A, = O from the equatioms (1.35) to (1.37) might be expressed in the form:

Vy = Vgy + Ppvpcos Iy (3.15)

Vpa = Pmip cos I (3.16)

The inertial accelerations of the north slaved platform become:

vV, '
] N Gz EA
Bx-vn-—a-m——'l'-—p—n:-tm%
+2Vow, ein L + pmwaE sin I oos I (3.17)
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V.

. EA
m'vcz[pm+2"n°°°%]'2vn"n°ml'm

EA 2
+2VmeeosIh+pmw;cos L, +G

The torquing rates of the accelerometers are
Avex = - (a‘x - o'N)
Accy -~ (19.y - VEA)

Roez = = (8, = Tg,)

The position coordinates are determined by the set (3.16):

t
1Vn
Ih./ Tdt
to n
t
b3 )
=/ TeaT
to m Ih

(3.18)

(3.19)

(3.20)
(3.21)

(3.22)

(3.23)

(3.24)
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! s(l+e s’ L )P oos 1,
- - - p 3 co co
hy { Vo2t ooo“i;

[»)

vhere L end I, are related by the equetions (1.55) and (3.20).
The head:l.ng angle is oonguted by

V.
H_ = ave tan (vfﬁl

B. FREE AZIMUTH PLATIFORM
This case requires

w =0

Other two inertial sngular velocities axe

/
vx--—gi+vnooslhoos%

Vox
iry-----—:-wncoaIh:u.nﬁn

From here the platform alignment rates axe as followss
tymovy
Y %
tz-o

36
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No torquing rates exist along azimuth axis. The platform deviation angle
from the north direction is determined by

ft1 [VGEA ten I, + w, sin
A = / -p_m.. L +vys rh] at (3.30)
o .

The inertial velocities hold the relationshipe of the set (3.1).

Bupplying the azimith free conmdition to the general expressions of
the inertial accelerstions (3.3) to (3.5) we obtain

v
] ax
ax-vu -ch[a;-+2wgeosthsin%]

+ "nvw oin L + pmw; sin I cos L cos A (3.31)

v
a.y-\'l -Voz[;il+2vnoollhooa%]

Qy
- WgVo, 8in I - pm‘f; ein I, cos I sin A (3.32)
and Vi o+ Ve
8, -w’er +_Gx_5;gx+2wnv& cos I sin A
+ 2 vgVgy 08 Iy, cos A+ pm":: cos’I&n + G (3.33)
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The accelerometers are torqued by the rates:
Rooy = = (8 - Vox)

Ay = - (ay - ‘.’Gy) (3.34)
Aoy = = (8, - ‘.’Gz)

C. GRID FLATFORM

The condition foxr the grid platform is described in the section
(2-F), specified for mass attraction vertical it gives:

v o= - sinly (3.35)

hy =1 stn 1,

The ‘components of the anguler velocity along x and y a&xes are, respectively:

v
wx-—%x+w3eoal.mcos% (3.36)
m
and
) L'/
vy---gz‘--wgcoslhsin% (3.37)
m

The inertial velocities are expressed by the equations (3.1).

The inertial accelerations are obtained from the general expressions
(3.3) to (3.5) specified for grid platform:

Vv
> Gx
ax'va+2wEva°1nI‘xn'sz[ pm+2chosIhsin%]

+ pmw; sin I, cos I, cos A (3.38)
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v
a.y-\'lcy-2wEVstinIh-VGz [-%nxl+2chosIhcos%]

- pmw;, sin I cos I sin A (3.39)
and
v+ V
a, -ﬁcz+-%3—gx+2wnvcxcoe L, sin A}
+ 2wV, cos L cos A + pmw; cos” L +0 (3.40)
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IV. GORODETIC VERTICAL

The vertical taken normel to the surface of the reference
ellipsoid represents the gravity vector, vhich is resultant of the mass
attraction and the centrifugal force. The choice of the z axis along
this vertical gives: .

B =& =0
8, = &
The sdditional conditions for the geodetic vertical ave:
L=I
% "%
A=

Px = Pp

Observing all those conditions the sngular velocities hold the
relationship:

\/
wx-%-rwxeosl?cosl\l, (k.1)
Vox
vy--g--wzcost?ainkp - (he2)
ond
. ten I’P
w, = A - Cw Wo: sin A, + Vo, cos AP] - w, 8in T, (%.3)

) e}
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The inertial velocities for geotetic vertical are:

Ve = Vax * Pp¥p ©08 I 8in A, (Lb.4)
Vy - va + ppvp o8 Ly cos A, | (%.5)
and
Vy =V, = - bp (k.6)
vhere
Vu-f,choaAP'*i?DPeosI?smAP (k.7)
and
Voy--f?opsinAPi'iPPPcoaIPoosAP (1.8)

The inertial accelerations expressed in the terms of the ground snd the
angular velocities take simple form:

.-v& w[w -V cml.’]-t-v [v -w OOII?IMIAP] (k.9)

"y'ﬁw"'vm [vz-v! .m:.l,]-v“ [vx+vxoosl?oooltl,] (%.10)

a-VGz m[w -V ooeI.PlinAPl

”’oy [w‘-vvxoocl.!,ooa AP]-O-g (k.11)

Gyro torquing rates:
%
t, = o wy (h.]2)

t =-w
z z
1y
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end accelexcorster torquing signals:

Aoy = = (8 - ﬁ(!x)
Acgy - (a.y - ch) | (k.13)

Rocy = = (&, - e(!:)

mey be applied as indiecsted.

A. TORTH SLAVED PLATFORM

The x axis is slaved to the north all the time, therefore
AP AP-O and the angular retes ares

v, - % o8 L, (b.2%)

- % (k.25)
o Vo, tan

v‘--—'-'-‘—p;—lz-v! sin Ly (».26)

wore  Vyeipep i vy edpoer, .

(4.9) to ( .u)vehmmmm

. VX tan vV
‘x'vu*‘LF;i*a"z'n'”np":—:"' (k.17)

h2
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v, V. '
..y. -—“;E-Atanr.f, 2 Vv 8in Ly - V. p:""+2w cos Iy) (4.18) -

e v:+vV

',-%n’,l,“*“nvmw"r*‘ (k.19)

B. FREE AZIMUTH PLATFORM

The z axis is not torqued, therefore

v =0 (k.20)
Other two angular velocities are:
v, - Ygﬁ + v, cos L, 008 A, (4.21)
vy---v-%-vnoocr.?.inﬁ, (b.22)

Substituting the values of the m?.u.n- rates (4.20) to (4.22) into
the equations of the accelerations (k.9) to ) ve have:

8 = ‘.’Gx + Vou¥p 810 Ly = Vo, [-3; +2 w, cos Ly sin A (4.23)
; Yoy
ay-voy-vsxwzsm:?-voz[pP+2wxeosLPmAP] (L.24)

3
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and

3 a
V. +V
8, = Vg, + —(-}-x-;;—ﬂ +2 Vv 008 Ly 8in Ay + 2 va"E cos Ly, cos A, (k.25)

C. ORID PLATFORM
The anguler velocity of the platform along 2z axis is

LA sin I?
Along x snd y axes, respectively:

\'/
vx-—gfi-wxoounpemhp

Vox
vy---‘;;-v'oool,unhp

The equations (4.k4) to (4.6) define the inertial velocities.

The inertial soccelerations becoms:
. v
ax-vm+av°yvzmx,-vu[-%+awzoo-1,unnp]

v,

a.y-vw-avo‘vzunr.l,-vm[-%4-2%00-!?0035]

Wiy

(4.26)

(k.27)

(4.28)

(k.29)

(%.30)
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v +V
‘;'@o,*'g—%;ﬂ*a'm"nm‘r"“p'

+2wa!m1?oocA’+g , (%.31)

L5
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V. CONCLUBTIONS

The oonbination of free azimith and geodetic vertioal offers
form of the mathemetical equations, since it is closely
comnected with the actual altitude and ground velocities of the platform

and only two platform torquing retes are required.

The types of inertial platforms described in this paper are
adequate for moderately high latitudes, but they leed to insccurecies
vhen spplied to operations over the polar areas. The positional amd
veloeity inaccurecies in this case are associsted with the repid convergenoce
of the meridisns in polar areas. BSuch navigstional difficulsies oan be
oorrected mathemstically by use of reloosted pele equations, which will
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Page 6 D. Angular Velocities (third line)

v

" should be vx

Third line from the bottom

should be W,

Y Px

Pk

Pare 8 Equation (1.13) should be

L e

T=Ie1 +Te, + %o
- ihﬁ *'Ehz + iha
iufnl-}?nz +-fna
Equation (1.14) should be
T=Ts +T, + %o,

= Im1 + sz + Kh3

&Al-

k= Thl +Tn + %A
P~go 19 (Seventh line from top)
'platform A, and bearing angle B ' (should read) bearing angle B, .

Pamo 27 C. GRID PLATFCRM (Third line) in parallel planos(chould read)
" parallel and displacod .

Page 41 (First line) Change "geotetic® to geodetic .

4

Page 47 Reforonoces

e. W.A, Koiskanen (should read)
W.A. Holskanen ,
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